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AN IMPROVED UPPER BOUND FOR THE SIZE OF THE SPHERE OF
INFLUENCE GRAPH
DAN ISMAILESCU, SUNG HOON KIM, AND TAEYANG DAVID PARK
Abstract. Let V be a set of n points in the plane. For each x ∈ V , let Bx be the closed
circular disk centered at x with radius equal to the distance from x to its closest neighbor. The
closed sphere of influence graph on V is defined as the undirected graph where x and y are
adjacent if and only if the Bx and By have nonempty intersection.
It is known that every n-vertex closed sphere of influence graph has at most cn edges, for
some absolute positive constant c. The first result was obtained in 1985 by Avis and Horton
who provided the value c = 29. Their result was successively improved by several authors:
Bateman and Erdo˝s (c=18), Michael and Quint (c=17.5), and Soss (c=15).
In this paper we prove that one can take c = 14.5.
1. Introduction
Let V be a set of n points in the plane. For each x ∈ V , let Bx be the closed ball centered
at x with radius equal to the distance from x to the nearest neighbor. We refer to these balls
as the spheres of influence of the set V . The open sphere of influence graph on V is defined
as the undirected graph where {x, y} is an edge if and only if the interiors of Bx and By have
nonempty intersection. The closed sphere of influence graph is defined similarly; this time for
{x, y} to be an edge requires that Bx and By have nonempty intersection.
Figure 1. A sphere of influence graph
We will call these graphs OSIG or CSIG, respectively, depending on whether they are open
or closed. If the distinction is irrelevant we will just call them SIG. Sphere of influence graphs
were introduced by Toussaint [11] in 1980, as a type of proximity graph to model situations
in pattern recognition and computer vision. The main question is to find a characterization of
those graphs which can be realized as a SIG. This is a very difficult problem because an induced
subgraph of a SIG need not be a SIG. In other words, being a SIG is not a hereditary property.
For example, Jacobson, Lipman and McMorris proved [6] that a tree is a CSIG if and only if it
has a perfect matching. In particular, trees with an odd number of vertices cannot be CSIG.
It is also easy to prove that the claw K1,3 is not an OSIG, although the graph obtained by
appending an edge to a leaf is an OSIG, see [5].
Falling short of finding such a characterization, we may ask some easier questions. The two
main open problems are
• Problem 1. What is the maximum number of edges of a SIG on n vertices?
• Problem 2. What complete graphs can be realized as a SIG?
Note that a SIG need not be a planar graph. For instance, the SIG shown in figure 1 contains
a complete graph K5. Toussaint [11] asked whether any SIG has at most a linear number of
edges. This was confirmed five years later by Avis and Horton [1], who showed that the vertex
corresponding to the smallest ball in any SIG has degree at most 29. By induction, it follows
that no SIG can contain more than 29n edges. In particular, no complete graph Kn with n ≥ 31
can be a SIG.
It was later realized that a stronger result had been proven (in a different form) more than
thirty years earlier by Reifenberg [9], and independently by Bateman and Erdo˝s [3]. They
showed that the vertex corresponding to the smallest ball in any SIG has degree at most 18.
Again, by induction it can be shown that no sphere of influence graph on n vertices contains
more than 18n edges. This is true for both OSIG and CSIG. Since a CSIG has at least as many
edges as the corresponding OSIG, any upper bound for the size of the former is also going to
be an upper bound for the size of the latter. From now on we restrict ourselves to studying
CSIGs.
Michael and Quint [8] further reduced this bound to 17.5n with the following beautiful
argument. Let x be the vertex with the smallest sphere of influence, of radius r. This sphere
has radius r because the nearest neighbor of x, say y, is distance r away. Since the nearest
neighbor relation is reflexive, x is the nearest neighbor of y. Thus the spheres of influence of
both x and y have radius r, the smallest radius over all spheres, so x and y each have at most 18
neighbors. One edge is {x, y} itself, and we have at most 35 other edges. Performing induction
on two vertices at a time instead of one yields a bound of 35n/2 edges, or 17.5n.
The best bound known today was established by Soss [10] in his 1998 Masters thesis.
Theorem 1.1. [10] Every closed sphere of influence graph of order n contains at most 15n
edges.
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Soss’ crucial idea was to introduce a weighted graph associated with the CSIG. We will present
his approach later on. What about the lower bound? It is easy to see that the hexagonal lattice
has 18 neighbors per vertex, for 9n edges in total. Avis and Horton [1] conjectured that this is
the largest number of edges possible for a CSIG.
Clearly, every single answer to the first problem translates into an answer for the second.
For instance, Soss’ result implies that no complete graph Kn with n ≥ 17 is a CSIG. Ke´zdy
and Kubicki [7] proved that K12 is not a CSIG. From the other side, it is known that every
complete graph Kn with n ≤ 8 can be realized as an OSIG. Harary et al. [5] conjectured that
the smallest complete graph that is not a CSIG is K9.
The problem was generalized to Euclidean spaces of arbitrary dimension by Guibas, Pach
and Sharir [4]. Among other things, they proved that the sphere of influence graph on n vertices
in Rd contains at most 5d · n edges. In this paper we will improve Soss’ 1998 result stated in
Theorem 1.1. We will prove the following
Theorem 1.2. Every closed sphere of influence graph of order n contains at most 14.5n edges.
2. Reducing the problem to a bounded one
We will prove the following stronger result.
Theorem 2.1. Let p ≥ 1 be a constant to be specified later. Let P1 be a finite set of points in
the annulus p ≤ ρ ≤ 1 + p, and let P1/2 be a finite set of points in the annulus 1 ≤ ρ ≤ 1 + p
with the following properties:
• P1 and P1/2 are disjoint.
• every point in P1 has weight 1, and every point in P1/2 has weight 1/2.
• the distance between any two points of weight 1 is at least p; the distance between two
points of weight 1/2 is at least q = 1/p; the distance between any two points of different
weights is at least p.
Then the total weight of all the points in P1 ∪ P1/2 cannot exceed 14.5.
In this section we combine the reasoning of Bateman and Erdo˝s [3] with that of Soss [10] to
prove that Theorem 2.1 implies Theorem 1.2. Let p ≥ 1 be a constant to be chosen later, and
denote q = 1/p. We start by assigning weights to the edges of the CSIG as follows. First, we
replace each undirected edge {a, b} with two directed edges (a, b) and (b, a). Let the radii of
the spheres of influence of a and b be ra and rb. Then define w(a, b), the weight of (a, b), as
w(a, b) =


1 if p < rb/ra
1/2 if q ≤ rb/ra ≤ p
0 if rb/ra < q
We refer to this graph as the weighted sphere of influence graph, or WSIG.
Observation 2.2. For any point set V , the total weight of all the directed edges in the WSIG
of V is equal to the number of edges in the CSIG of V .
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This is immediate since for any two adjacent vertices a and b in the CSIG of V we have that
w(a, b) + w(b, a) = 1. The above observation implies that if we can prove that no WSIG on n
vertices has edges whose total weight is greater than 14.5n, then we have also proven Theorem
1.2. This is exactly the method behind our proof, which we state below for future reference.
Theorem 2.3. There exists no node in the WSIG for which the weights of the outgoing edges
sum to more than 14.5.
We will next show how Theorem 2.3 can be obtained from Theorem 2.1. We require the
following lemma, whose first part appears in [3]. The second part is very similar, and this is
most likely the reason Bateman and Erdo˝s left it out.
Lemma 2.4. The radial projection lemma. In polar coordinates, let X = (x, θx) and
Y = (y, θy) be the centers of two circles of radii rx and ry, such that they do not contain each
other’s centers but they both intersect the unit circle ρ = 1. Let R > 1 be a fixed number.
(a) If X and Y lie outside the disc ρ ≤ R, then the points A = (R, θx) and B = (R, θy) are
at least distance R− 1 apart.
(b) If X lies inside the annulus 1 ≤ ρ ≤ R and Y lies outside the disc ρ ≤ R, then points
X = (x, θx) and B = (R, θy) are at least distance R− 1 apart.
Proof. We first prove part (a). In this case we have x ≥ R and y ≥ R. Since the two circles do
not contain each other’s centers, it follows that XY ≥ max{rx, ry}, see figure 2. On the other
hand, both circles intersect ρ = 1, which means that x ≤ 1 + rx and y ≤ 1 + ry. It follows that
XY ≥ max{x− 1, y − 1}. Without loss of generality one can assume 1 < R ≤ x ≤ y. By the
law of cosines in triangle OXY
cosα =
x2 + y2 −XY 2
2xy
≤
x2 + y2 − (y − 1)2
2xy
=
1
x
+
x2 − 1
2xy
≤
1
x
+
x2 − 1
2x2
.
Let f(x) = 1
x
+ x
2
−1
2x2
. Differentiating, we obtain that f ′(x) = (1− x)/x3 < 0 for all x ≥ R > 1.
Hence, the maximum of f is reached when x = R. We obtain
cosα ≤
1
R
+
R2 − 1
2R2
−→ 1− cosα ≥
(R− 1)2
2R2
.
On the other hand,
AB2 = 2R2(1− cosα) ≥ 2R2 ·
(R− 1)2
2R2
= (R − 1)2 −→ AB ≥ R− 1, as desired.
This proves part (a). For part (b) we are given that 1 ≤ x ≤ R ≤ y. As before, XY ≥
max{rx, ry} ≥ max{x− 1, y − 1} = y − 1. It follows that
cosα =
x2 + y2 −XY 2
2xy
≤
x2 + y2 − (y − 1)2
2xy
=
1
x
+
x2 − 1
2xy
≤
1
x
+
x2 − 1
2xR
.
From the law of cosines in triangle OAY we obtain that
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Figure 2. Illustration for Lemma 2.4
XB2 = x2 +R2 − 2xR cosα ≥ x2 +R2 − 2xR ·
(
1
x
+
x2 − 1
2xR
)
= (R− 1)2,
from which XB ≥ R− 1 as claimed. This completes the proof of Lemma 2.4. 
We are going to use this lemma on a couple of occasions. Note that only the points that are
outside the circle ρ = R are radially projected onto the circle. The points that are inside the
circle stay fixed - see case (b). We are now ready to prove the following result.
Theorem 2.5. modeled after a result of Soss[10] Theorem 2.1 implies Theorem 2.3.
Proof. Let O be some node in the WSIG. Without loss of generality, assume that O is at the
origin and that the sphere of influence of O is 1. Consider the outgoing edges from O that have
nonzero weight. We have a set of circles of radius at least q, which all intersect the circle ρ = 1
such that the center of no circle is contained in any other. Since rO = 1, no circle is centered in
ρ < 1. Also, one cannot have two centers that have the same amplitude. Indeed, assume for the
sake of contradiction that X(x, θ) and Y (y, θ) are two such points with say, x < y. Since the
circle centered at Y has to intersect ρ = 1, it is going to contain X in its interior, impossible.
Let us look first at the outgoing edges of weight 1 from O. These edges correspond to circles
of radius at least p. Since no such circle contains O, these centers are all located in ρ ≥ p. For
obvious reasons, we will refer to these centers as points of weight 1. Clearly, since no circle may
contain the center of another, the distance between any two points of weight 1 is at least p.
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Similarly, consider the outgoing edges of weight 1/2 from O. These edges correspond to
circles of radii in the interval [q, p]. All these centers are located in the annulus 1 ≤ ρ ≤ 1 + p.
The left bound is due to the fact that none of these centers may be contained in the open disc
ρ < 1, while the right bound follows from the fact that each circle must intersect ρ = 1. We
will refer to these circle centers as points of weight 1/2. Clearly, since no circle may contain the
center of another, the distance between any two points of weight 1/2 is at least q.
In addition, the distance between a point of weight 1 and one of weight 1/2 must be at least
p, since no circle centered at a point of weight 1 can contain a point of weight 1/2 in its interior.
In summary, we have two kinds of points: points of weight 1 all lying in ρ ≥ p, and points
of weight 1/2, all located in the annulus 1 ≤ ρ ≤ 1 + p. The distance between any two points
of weight 1 is at least p, the distance between two points of weight 1/2 is at least q, and the
distance between any two points of different weights is at least p.
While the points of weight 1/2 are restricted to the annulus 1 ≤ ρ ≤ 1 + p, the points of
weight 1 can be arbitrarily far away from the origin. We now use Lemma 2.4 for the first time.
Divide the set of points of weight 1 in two classes: interior points are those which are within
p ≤ ρ ≤ 1 + p, and exterior points are those outside the circle ρ = 1+ p. Next, radially project
the exterior points onto the circle ρ = 1 + p. In other words, if X(x, θx) is such a point with
x > 1 + p, its radial projection is A(1 + p, θx). The interior points of weight 1 and the points
of weight 1/2 stay fixed.
We call these newly obtained points boundary points of weight 1. From Lemma 2.4 part (a)
with R = 1+ p, it follows that the distance between two boundary points of weight 1 is at least
1 + p− 1 = p. Also, from Lemma 2.4 part (b) it follows that the distance between a boundary
point of weight 1, and any other non-boundary point (interior point of weight 1, or point of
weight 1/2) is at least p, as well.
We have now arrived at the hypotheses from Theorem 2.1. Here P1 consists of all the interior
and boundary points of weight 1, while P1/2 consists of all points of weight 1/2. Thus if we can
prove Theorem 2.1, then Theorem 2.3, and implicitly Theorem 1.2, will follow. 
Note 2.6. It now remains to prove Theorem 2.1. Bateman and Erdo˝s [3] used p = q = 1 to
prove an upper bound of 18 for the total weight of the points in P1 ∪P1/2. For this selection of
p and q, this bound is optimal. Soss [10] used p = 3/2, q = 2/3 to prove an upper bound of of
15 for the total weight of the points in P1 ∪ P1/2. In a private communication, Soss admitted
he chose these values because they were “nice.” Our idea was to try to choose p so that we can
optimize, or at least improve Soss’ result. For reasons that are going to become clear later, we
ended up choosing p = 1.409, q = 1/p = 0.7097 . . .. We record this choice for future reference.
For the remainder of the paper
(1) p = 1.409 q = 1/p = 0.7097 . . .
The proof of Theorem 2.1 is based on a technique initiated by Bateman and Erdo˝s [3] and
extended by Soss [10], of fitting points into annuli. We omit the simple proof.
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Lemma 2.7. [3, 10] Label the origin as O. Let r, R, and d be such that 0 ≤ R − d ≤ r ≤ R.
Suppose we have two points A and B which lie in the annulus r ≤ ρ ≤ R and which have mutual
distance at least d. Then the minimum value of the angle ∠AOB is at least
(2) Φd(r, R) = min
(
arccos
R2 + r2 − d2
2Rr
, 2 arcsin
d
2R
)
The idea for proving Theorem 2.1 is simple. We first sort the points with respect to their
amplitudes - we call this a circular ordering. Note that such an ordering is always well defined
as no two points can have the same amplitude. Next, we compute the minimum angles between
each pair of consecutive points.
For example the minimum angle between a point of weight 1 in 1.7 ≤ ρ ≤ 2, and another
of weight 1 in 1.5 ≤ ρ ≤ 1.8 is at least Φp(1.5, 2). This is because both points belong to the
annulus 1.5 ≤ ρ ≤ 2, and they are at least distance p apart.
Likewise, the minimum angle between a point of weight 1 in 1.7 ≤ ρ ≤ 2.2 and another of
weight 1/2 in 1.3 ≤ ρ ≤ 1.8 is at least Φp(1.3, 2.2). This is because both points belong to the
annulus 1.3 ≤ ρ ≤ 2.2, and they are at least distance p apart.
In general, the following is true:
Remark 2.8. If one has two points, one in a ≤ ρ ≤ b, the other in c ≤ ρ ≤ d, and at least
one of them is of weight 1, then the minimum angle is at least Φp (min(a, c),max(b, d)).
If both points are of weight 1/2 we do things a bit differently. We believe that the following
result is very important since for quite a while we were confused about how this case works .
Recall first that the distance between any two points of weight 1/2 is at least q = 0.709 . . ., and
all these points are in the annulus 1 ≤ ρ ≤ 1 + p. We claim that the following holds.
Lemma 2.9. If one has two points of weight 1/2 , one in a ≤ ρ ≤ b, the other in c ≤ ρ ≤ d,
and min(a, c) ≤ 1 + q, then the minimum angle is at least Φq (min(a, c),min(1 + q,max(b, d)).
Proof. Notice the subtle differences between the result in remark 2.8 and that of lemma 2.9.
Let X(x, θx) and Y (y, θy) located in a ≤ ρ ≤ b and c ≤ ρ ≤ d, respectively, be the two points
of weight 1/2. Recall that XY ≥ q. If both x ≤ 1 + q and y ≤ 1 + q, then both points belong
to the annulus min(a, c) ≤ ρ ≤ min(1 + q,max(b, d)), and the result follows.
If both x ≥ 1+q and y ≥ 1+q, then we have that 1+q ≤ max(b, d). Next, we radially project
X and Y onto the circle ρ = 1 + q. We thus obtain the points A(1 + q, θx) and B(1 + q, θy).
By Lemma 2.4 part (a) for R = 1+ q, we have that AB ≥ 1+ q− 1 = q. On the other hand, it
is clear that ∠XOY = ∠AOB. But since AB ≥ q and OA = OB = 1 + q, it then follows that
∠XOY ≥ Φq (min(a, c), 1 + q) = Φq (min(a, c),min(1 + q,max(b, d))).
Finally, suppose that x ≤ 1 + q and y ≥ 1 + q, so again 1 + q ≤ max(b, d). Leave X fixed
and radially project Y onto the circle ρ = 1+ q, to obtain point B(1 + q, θy). Then by Lemma
2.4 part (b) for R = 1 + q, we have that XB ≥ 1 + q − 1 = q. On the other hand, it is
clear that ∠XOY = ∠XOB. But since XB ≥ q and OX = OB = 1 + q, it then follows that
∠XOY ≥ Φq (min(a, c), 1 + q) = Φq (min(a, c),min(1 + q,max(b, d)). 
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Figure 3. A sample configuration of weighted points
A sample configuration is presented in figure 2. The three white circles have weight 1, the
other two weight 1/2. We see that ∠AOB ≥ Φp(1.5, 2, 4),∠BOC ≥ Φp(2, 2.4),∠COD ≥
Φp(1.2, 2.4),∠DOE ≥ Φq(1.2, 1 + q), and ∠EOA ≥ Φp(1.5, 2).
3. Five easy cases
We now have everything in place to begin proving Theorem 2.1. The proof of each result
below proceeds by assuming that a certain configuration of weight 15 is possible and then
proving that the sum of the angles subtended by pairs of consecutive points in the circular
ordering is greater than 360◦, a contradiction. Relations (1), (2), remark 2.8 and lemma 2.9
are going to be used extensively in the next sections, many times without explicit reference.
The proof is quite involved as it requires a rather lengthy case analysis. However, it should be
rather straightforward to verify each individual statement.
Lemma 3.1. It is impossible to have 12 points of weight 1 in the annulus p ≤ ρ ≤ 1 + p.
Proof. Suppose there are 12 points of weight 1. The angle determined by two consecutive points
is at least Φp (p, 1 + p) > 31
◦.25. The conclusion follows since 12Φp (p, 1 + p) > 375
◦. 
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Lemma 3.2. It is impossible to have 27 points of weight 1/2 in the annulus 1 ≤ ρ ≤ 1 + p.
Proof. Consider first the points of weight 1/2 located in the annulus 1 ≤ ρ ≤ 1.25. The angle
between any two consecutive points is at least Φq (1, 1.25) = 32
◦.98 . . .. Since 11 ·Φq (1, 1.25) >
362◦, it follows that there are at most 10 points of weight 1/2 in 1 ≤ ρ ≤ 1.25.
Next let us consider the remaining points of weight 1/2, those in 1.25 ≤ ρ ≤ 1 + p. The
angle between any two consecutive such points is at least Φq (1.25, 1 + q) = 21
◦.31 . . .. Since
17 · Φq (1.25, 1 + q) > 362
◦, there are at most 16 points of weight 1/2 in 1.25 ≤ ρ ≤ 1 + p.
Hence, there cannot be more than 10 + 16 = 26 points of weight 1/2. 
Lemma 3.3. It is impossible to have 2 points of weight 1 in p ≤ ρ ≤ 1 + p and 24 points of
weight 1/2 in 1 ≤ ρ ≤ 1 + p.
Proof. We will need the following
Fact 3.4. It is impossible to have 2 points of weight 1 in p ≤ ρ ≤ 1+ p and 13 points of weight
1/2 in 1.32 ≤ ρ ≤ 1 + p.
We prove the above fact first. Suppose we may place 15 points as stated above. Sort the
points in circular order and look at the 15 angles determined by pairs of consecutive points.
Let n11 be the number of angles determined by two consecutive points of weight 1 (if any).
Each of these angles is at least Φp (p, 1 + p) = 31
◦.25 . . ..
Similarly, let nhh denote the number of angles determined by two consecutive points of weight
1/2. Each of these angles is at least Φq (1.32, 1 + q) = 22
◦.77 . . ..
Finally, let n1h be the number of angles determined by two consecutive points of different
weight. Each of these angles is at least Φp (1.32, 1 + p) = 29
◦.03 . . .. Hence, the sum of the 15
angles around the origin is at least A = n11 · 31
◦.25 + nhh · 22
◦.77 + n1h · 29
◦.03.
We may have [n11, nhh, n1h] = [0, 11, 4] or [n11, nhh, n1h] = [1, 12, 2], depending on whether
the two points of weight 1 are consecutive in the circular ordering or not.
In the first case we have A > 366◦, in the second case A > 362◦. We reached the desired
contradiction. This concludes the proof of fact 3.4.
We continue with the proof of Lemma 3.3. Suppose the statement is false. Then, by fact
3.4 it follows that at least 12 points of weight 1/2 are in the annulus 1 ≤ ρ ≤ 1.32. However,
the angle determined by two consecutive such points is at least Φq (1, 1.32) = 31
◦.18 . . .. Since
12 · Φq (1, 1.32) > 374
◦, the contradiction follows. 
Lemma 3.5. It is impossible to have 4 points of weight 1 in p ≤ ρ ≤ 1 + p and 21 points of
weight 1/2 in 1 ≤ ρ ≤ 1 + p.
Proof. We will need the following
Fact 3.6. It is impossible to have 4 points of weight 1 in p ≤ ρ ≤ 1+p, and 11 points of weight
1/2 in 1.25 ≤ ρ ≤ 1 + p.
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We use the same approach as in the proof of fact 3.4. Sort the points in circular order, and
look at the 15 angles determined by pairs of consecutive points.
Let n11 be the number of angles determined by two consecutive points of weight 1. Each of
these angles is at least Φp (p, 1 + p) = 31
◦.25 . . ..
Similarly, let nhh denote the number of angles determined by two consecutive points of weight
1/2. Each of these angles is at least Φq (1.25, 1 + q) = 21
◦.31 . . ..
Finally, let n1h be the number of angles determined by two consecutive points of different
weight. Each of these angles is at least Φp (1.25, 1 + p) = 26
◦.69 . . .. Hence, the sum of the 15
angles around the origin is at least A = n11 · 31
◦.25 + nhh · 21
◦.31 + n1h · 26
◦.69.
We have four possibilities for [n11, nhh, n1h]: [0, 7, 8], [1, 8, 6], [2, 9, 4], or [3, 10, 2]. The mini-
mum of A is reached when [n11, nhh, n1h] = [3, 10, 2], which corresponds to the case when the
four points of weight 1 are consecutive. But even in this case we have A = 3 · 31◦.25 + 10 ·
21◦.31 + 2 · 26◦.69 = 360◦.23 > 360◦, a contradiction. The proof of fact 3.6 is complete.
We return now to the proof of Lemma 3.5. Suppose the statement is false. Then, by fact
3.6 it follows that at least 11 points of weight 1/2 are in the annulus 1 ≤ ρ ≤ 1.25. However,
the angle determined by two consecutive such points is at least Φq (1, 1.25) = 32
◦.98 . . .. Since
11 · Φq (1, 1.25) > 362
◦, the contradiction follows. 
Lemma 3.7. It is impossible to have 5 points of weight 1 in p ≤ ρ ≤ 1 + p and 20 points of
weight 1/2 in 1 ≤ ρ ≤ 1 + p.
Proof. As earlier, we start with a
Fact 3.8. It is impossible to have 5 points of weight 1 in p ≤ ρ ≤ 1+ p and 10 points of weight
1/2 in 1.23 ≤ ρ ≤ 1 + p.
We follow the same approach as in facts 3.4 and 3.6.
Let n11 be the number of angles determined by two consecutive points of weight 1. Each of
these angles is at least Φp (p, 1 + p) = 31
◦.25 . . ..
Similarly, let nhh denote the number of angles determined by two consecutive points of weight
1/2. Each of these angles is at least Φq (1.23, 1 + q) = 20
◦.77 . . ..
Finally, let n1h be the number of angles determined by two consecutive points of different
weight. Each of these angles is at least Φp (1.23, 1 + p) = 25
◦.90 . . ..
Hence, the sum of the 15 angles around the origin is at least A = n11 · 31
◦.25+nhh · 20
◦.77+
n1h · 25
◦.9.
We have five possibilities for [n11, nhh, n1h]: [0, 5, 10], [1, 6, 8], [2, 7, 6], [3, 8, 4], or [4, 9, 2].
The minimum of A is reached when [n11, nhh, n1h] = [0, 5, 10], which corresponds to the
case when no two points of weight 1 are consecutive. But even in this case we have A =
5 · 20◦.77 + 10 · 25◦.9 = 362◦.85 > 360◦, a contradiction.
The proof of fact 3.8 is complete. We can now prove Lemma 3.7. Suppose the statement
is false. Then, by fact 3.8 it follows that at least 11 points of weight 1/2 are in the annulus
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1 ≤ ρ ≤ 1.23. However, the angle determined by two consecutive such points is at least
Φq (1, 1.23) = 33
◦.53 . . .. Since 11 · Φq (1, 1.23) > 368
◦, the contradiction follows. 
Therefore the following cases suffice to prove Theorem 2.1. We will show that one cannot
have
• 6 points of weight 1 and 18 of weight 1/2.
• 7 points of weight 1 and 16 of weight 1/2.
• 8 points of weight 1 and 14 of weight 1/2.
• 9 points of weight 1 and 12 of weight 1/2.
• 10 points of weight 1 and 10 of weight 1/2.
• 11 points of weight 1 and 8 of weight 1/2.
The proofs are contained in the following sections.
4. 6 points of weight 1 and 18 points of weight 1/2
Fact 4.1. It is impossible to have 6 points of weight 1 in p ≤ ρ ≤ 1 + p and 8 points of weight
1/2 in 1.259 ≤ ρ ≤ 1 + p.
Proof. Let n11 be the number of angles determined by two consecutive points of weight 1. Each
of these angles is at least Φp (p, 1 + p) = 31
◦.25 . . ..
Let nhh denote the number of angles determined by two consecutive points of weight 1/2.
Each of these angles is at least Φq (1.259, 1 + q) = 21
◦.59 . . ..
Let n1h be the number of angles determined by two consecutive points of different weight.
Each of these angles is at least Φp (1.259, 1 + p) = 27
◦.03 . . ..
Hence, the sum of the 14 angles around the origin is at least A = n11 · 31
◦.25+nhh · 21
◦.59+
n1h · 27
◦.03.
We have six possibilities for [n11, nhh, n1h]: [0, 2, 12], [1, 3, 10], [2, 4, 8], [3, 5, 6], [4, 6, 4], or [5, 7, 2].
The minimum of A is reached when [n11, nhh, n1h] = [5, 7, 2], which corresponds to the case
when all points of weight 1 are consecutive. But even in this case we have A = 5 · 31◦.25 + 7 ·
21◦.53 + 2 · 27◦.03 = 361◦.09 > 360◦, a contradiction. 
Fact 4.2. It is impossible to have 11 points of weight 1/2 in 1 ≤ ρ ≤ 1.259.
Proof. Suppose that this is possible. The angle between any two such points is at least
Φq (1, 1.259) = 32
◦.74 . . .. However, 11 · Φq (1, 1.259) = 360
◦.16 > 360◦, a contradiction. 
We are now in position to prove the main result of this section.
Lemma 4.3. It is impossible to have 6 points of weight 1 in p ≤ ρ ≤ 1 + p and 18 points of
weight 1/2 in 1 ≤ ρ ≤ 1 + p.
Proof. Assume it is possible. By fact 4.1, at least 11 points of weight 1/2 are in 1 ≤ ρ ≤ 1.259.
However, this contradicts Fact 4.2. Therefore, the proof is complete. 
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5. 7 points of weight 1 and 16 points of weight 1/2
This case is very similar to the previous one. Again, we need three preliminary facts.
Fact 5.1. It is impossible to have 7 points of weight 1 in p ≤ ρ ≤ 1 + p and 8 points of weight
1/2 in 1.2 ≤ ρ ≤ 1 + p.
Proof. As in the proof of 4.1, everything reduces to estimate a sum of the form
A = n11 ·Φp (p, 1 + p)+nhh ·Φq (1.2, 1 + q)+n1h ·Φp (1.2, 1 + p), where Φp (p, 1 + p) = 31
◦.25 . . . ,
Φq (1.2, 1 + q) = 19
◦.85 . . . ,Φp (1.2, 1 + p) = 24
◦.57 . . ., and [n11, nhh, n1h] equals one of the
following: [0, 1, 14], [1, 2, 12], [2, 3, 10], [3, 4, 8], [4, 5, 6], [5, 6, 4], or [6, 7, 2].
It turns out the minimum of A is attained when [n11, nhh, n1h] = [0, 1, 14]; that is, the points
of weight 1 and the points of weight 1/2 alternate in the circular ordering. In this case we have
A > 19◦.85 + 14 · 24◦.57 = 363◦.83, a contradiction. 
Fact 5.2. It is impossible to have 11 points of weight 1/2 in 1 ≤ ρ ≤ 1.33 such that 9 of them
lie in 1 ≤ ρ ≤ 1.2.
Proof. Suppose that this is possible. Color 9 of the points in 1 ≤ ρ ≤ 1.2 red, and the remaining
two points blue. If the two blue points are not consecutive, then the sum of the 11 angles is
at least 4Φq (1, 1.33) + 7Φq (1, 1.2) = 364
◦.606 . . .. Otherwise, the sum of the angles is at least
3Φq (1, 1.33) + 8Φq (1, 1.2) = 368
◦.057 . . .. In either case, we obtain a contradiction. 
Fact 5.3. It is impossible to have 7 points of weight 1 in p ≤ ρ ≤ 1 + p and 6 points of weight
1/2 in 1.33 ≤ ρ ≤ 1 + p.
Proof. As above, everything reduces to estimate a sum of the form
A = n11 · Φp (p, 1 + p) + nhh · Φq (1.33, 1 + q) + n1h · Φp (1.33, 1 + p), where
Φp (p, 1 + p) = 31
◦.25 . . . ,Φq (1.33, 1 + q) = 22
◦.93 . . . ,Φp (1.33, 1 + p) = 29
◦.32 . . ., and
[n11, nhh, n1h] equals one of the following: [1, 0, 12], [2, 1, 10], [3, 2, 8], [4, 3, 6], [5, 4, 4], or [6, 5, 2].
It turns out the minimum of A is attained when [n11, nhh, n1h] = [6, 5, 2]; that is, the points
of weight 1 are consecutive, and the points of weight 1/2 are also consecutive in the circular
ordering. In this case we have A > 6·31◦.25+5·22◦.93+2·29◦.32 = 360◦.79, a contradiction. 
We are now in position to prove the main result of this section.
Lemma 5.4. It is impossible to have 7 points of weight 1 in p ≤ ρ ≤ 1 + p and 16 points of
weight 1/2 in 1 ≤ ρ ≤ 1 + p.
Proof. Assume it is possible. By fact 5.1 at least 9 points of weight 1/2 are in 1 ≤ ρ ≤ 1.2.
Fact 5.2 implies that it is not possible to have 11 points of weight 1/2 in 1 ≤ ρ ≤ 1.33; that
is, at least 6 points of weight 1/2 are in 1.33 ≤ ρ ≤ 1 + p. However, fact 5.3 shows that this is
impossible, so the proof is done. 
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6. The harder cases
In all the cases covered so far our approach was to restrict the range of the points of weight
1/2 in order to obtain the desired contradiction. Note that other than using the number of
points of weight 1, we never needed more precise information about their positions: it was
sufficient to know that all these points lie in the annulus p ≤ ρ ≤ 1 + p.
The situation is going to be different for the remaining cases. This is to be expected: as
the number of points of weight 1/2 becomes smaller, our reasoning has to take into account
the increasing number of points of weight 1. This is naturally going to lead to slightly more
laborious proofs. Fortunately, the intermediate results are easy to check.
7. 8 points of weight 1 and 14 points of weight 1/2
Fact 7.1. It is impossible to have 8 points of weight 1 in p ≤ ρ ≤ 1 + p and 6 points of weight
1/2 in 1.21 ≤ ρ ≤ 1 + p.
Proof. As in the proof of 5.1 we estimate a sum of the form
A = n11 · Φp (p, 1 + p) + nhh · Φq (1.21, 1 + q) + n1h · Φp (1.21, 1 + p) ,
where Φp (p, 1 + p) = 31
◦.25 . . . ,Φq (1.21, 1 + q) = 20
◦.17 . . . ,Φp (1.21, 1 + p) = 25
◦.03 . . ., and
[n11, nhh, n1h] equals one of the following: [2, 0, 12], [3, 1, 10], [4, 2, 8], [5, 3, 6], [6, 4, 4], or [7, 5, 2].
The minimum ofA is attained when [n11, nhh, n1h] = [2, 0, 12]; that is, the points of weight 1/2
are separated by the points of weight 1. In this case we have A > 2·31◦.25+12·25◦.03 = 362◦.86,
a contradiction. 
Fact 7.2. It is impossible to have 1 point of weight 1 in the annulus p ≤ ρ ≤ 1.88 and 9 points
of weight 1/2 in 1 ≤ ρ ≤ 1.21.
Proof. Note that this is the first time we are interested in the range of some point of weight
1. Suppose it is possible to have the points placed as stated. Then the angle between two
consecutive points of weight 1/2 is at least Φq(1, 1.21) = 34
◦.10 . . ., while the angle determined
by the point of weight 1 and a point of weight 1/2 is at least Φp(1, 1.88) = 44
◦.01 . . .. It follows
that the sum of the 10 angles is at least 8 · 34◦.10 + 2 · 44◦.01 = 360◦.82, a contradiction. 
Fact 7.3. It is impossible to have 8 points of weight 1 in the annulus 1.88 ≤ ρ ≤ 1 + p and 4
points of weight 1/2 in 1.29 ≤ ρ ≤ 1 + p.
Proof. With the same conventions as in the previous proofs, the proof reduces to estimating
A = n11 · Φp (p, 1.88) + nhh · Φq (1.29, 1 + q) + n1h · Φp (1.29, 1 + p) ,
where Φp (p, 1.88) = 34
◦.008 . . . ,Φq (1.29, 1 + q) = 22
◦.21 . . . ,Φp (1.29, 1 + p) = 28
◦.11 . . ., and
[n11, nhh, n1h] equals one of the following: [4, 0, 8], [5, 1, 6], [6, 2, 4], or [7, 3, 2].
The minimum of A is attained when [n11, nhh, n1h] = [4, 0, 8]; that is, the points of weight 1
are consecutive, and so are the points of weight 1/2. In this case we have, A > 4·34◦+8·28◦.11 =
360◦.88, a contradiction. 
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Fact 7.4. It is impossible to have 11 points of weight 1/2 in 1 ≤ ρ ≤ 1.29 such that 9 of them
lie in 1 ≤ ρ ≤ 1.21.
Proof. The proof is almost identical to that of fact 5.2. Color 9 of the points in 1 ≤ ρ ≤ 1.21
red, and the remaining two points blue. If the two blue points are not consecutive, then the
sum of the 11 angles is at least 4Φq (1, 1.29) + 7Φq (1, 1.21) = 366
◦.49 . . .. Otherwise, the sum
of the angles is at least 3Φq (1, 1.29) + 8Φq (1, 1.21) = 368
◦.66 . . .. In either case, we obtain a
contradiction. 
Lemma 7.5. It is impossible to have 8 points of weight 1 in p ≤ ρ ≤ 1 + p and 14 points of
weight 1/2 in 1 ≤ ρ ≤ 1 + p.
Proof. Assume it is possible. By fact 7.1 at least 9 points of weight 1/2 are in 1 ≤ ρ ≤ 1.21.
Fact 7.2 implies that all points of weight 1 are in 1.88 ≤ ρ ≤ 1+p. Fact 7.3 then tells us that at
least 11 points of weight 1/2 lie in 1 ≤ ρ ≤ 1.29. However, fact 7.4 shows that it is impossible
to have 11 points of weight 1/2 in 1 ≤ ρ ≤ 1.29 such that 9 of them lie in 1 ≤ ρ ≤ 1.21. 
8. 9 points of weight 1 and 12 points of weight 1/2
Fact 8.1. It is impossible to have 9 points of weight 1 in p ≤ ρ ≤ 1 + p and 4 points of weight
1/2 in 1.22 ≤ ρ ≤ 1 + p.
Proof. As in the proof of 7.1 we estimate a sum of the form
A = n11 · Φp (p, 1 + p) + nhh · Φq (1.22, 1 + q) + n1h · Φp (1.22, 1 + p) ,
where Φp (p, 1 + p) = 31
◦.25 . . . ,Φq (1.22, 1 + q) = 20
◦.48 . . . ,Φp (1.22, 1 + p) = 25
◦.47 . . ., and
[n11, nhh, n1h] equals one of the following: [5, 0, 8], [6, 1, 6], [7, 2, 4], or [8, 3, 2].
The minimum of A is attained when [n11, nhh, n1h] = [5, 0, 8]; that is, the points of weight 1/2
are separated by the points of weight 1. In this case we have, A > 5·31◦.25+8·25◦.47 = 362◦.01,
a contradiction. 
Fact 8.2. It is impossible to have 1 point of weight 1 in the annulus p ≤ ρ ≤ 1.85 and 9 points
of weight 1/2 in 1 ≤ ρ ≤ 1.22.
Proof. Same proof as for fact 7.2. The angle between two consecutive points of weight 1/2 is at
least Φq(1, 1.22) = 33
◦.82 . . ., while the angle determined by the point of weight 1 and a point
of weight 1/2 is at least Φp(1, 1.85) = 44
◦.76 . . .. It follows that the sum of the 10 angles is at
least 8 · 33◦.82 + 2 · 44◦.76 = 360◦.08, a contradiction. 
Fact 8.3. It is impossible to have 9 points of weight 1 in the annulus 1.85 ≤ ρ ≤ 1 + p and 2
points of weight 1/2 in 1.45 ≤ ρ ≤ 1 + p.
Proof. With the same conventions as in the previous proofs, the proof reduces to estimating
A = n11 · Φp (p, 1.85) + nhh · Φq (1.45, 1 + q) + n1h · Φp (1.45, 1 + p) ,
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where Φp (p, 1.85) = 34
◦.008 . . . ,Φq (1.45, 1 + q) = 23
◦.95 . . . ,Φp (1.45, 1 + p) = 32
◦.06 . . ., and
[n11, nhh, n1h] equals either [7, 0, 4], or [8, 1, 2].
The minimum of A is attained when [n11, nhh, n1h] = [8, 1, 2]; that is, the points of weight
1/2 are consecutive. In this case we have A > 8 · 34◦ + 23◦.95 + 2 · 32◦.06 = 360◦.07, a
contradiction. 
Fact 8.4. It is impossible to have 9 points of weight 1 in the annulus 1.85 ≤ ρ ≤ 1 + p and 3
points of weight 1/2 in 1.24 ≤ ρ ≤ 1 + p.
Proof. Same approach as for the previous fact. The sum of the 12 angles is bounded from below
by a quantity of the form
A = n11 · Φp (p, 1.85) + nhh · Φq (1.24, 1 + q) + n1h · Φp (1.24, 1 + p) ,
where Φp (p, 1.85) = 34
◦.008 . . . ,Φq (1.24, 1 + q) = 21
◦.05 . . . ,Φp (1.24, 1 + p) = 26
◦.30 . . ., and
[n11, nhh, n1h] takes one of the following values: [6, 0, 6], [7, 1, 4], or [8, 2, 2].
The minimum of A is attained when [n11, nhh, n1h] = [6, 0, 6]; that is, the points of weight
1/2 are separated by points of weight 1. In this case we have A > 6 · 34◦ + 6 · 26◦.3 = 361◦.8, a
contradiction. 
Fact 8.5. It is impossible to have 9 points of weight 1 in the annulus 1.85 ≤ ρ ≤ 1 + p and 4
points of weight 1/2 in 1.19 ≤ ρ ≤ 1 + p.
Proof. Same approach as for the previous two results. The sum of the 13 angles is bounded
from below by a quantity of the form
A = n11 · Φp (p, 1.85) + nhh · Φq (1.19, 1 + q) + n1h · Φp (1.19, 1 + p) ,
where Φp (p, 1.85) = 34
◦.008 . . . ,Φq (1.19, 1 + q) = 19
◦.50 . . . ,Φp (1.19, 1 + p) = 24
◦.08 . . ., and
[n11, nhh, n1h] takes one of the following values: [5, 0, 8], [6, 1, 6], [7, 2, 4], or [8, 3, 2].
The minimum of A is attained when [n11, nhh, n1h] = [5, 0, 8]; that is, the points of weight
1/2 are separated by points of weight 1. In this case we have A > 5 · 34◦ + 8 · 24◦ = 362◦, a
contradiction. 
Fact 8.6. It is impossible to have 11 points of weight 1/2 in 1 ≤ ρ ≤ 1.45 such that 9 of them
lie in 1 ≤ ρ ≤ 1.19 and 10 of them lie in 1 ≤ ρ ≤ 1.24.
Proof. Color 9 of the points in 1 ≤ ρ ≤ 1.19 red, and the remaining two points blue. If the
two blue points are not consecutive, then the sum of the 11 angles is at least 7Φq (1, 1.19) +
2Φq (1, 1.24)+ 2Φq (1, 1.45) > 7 · 34
◦.6+ 2 · 33◦.2+ 2 · 26◦.3 = 361◦.2. Otherwise, the sum of the
angles is at least 8Φq (1, 1.19)+Φq (1, 1.24)+2Φq (1, 1.45) > 8 ·34
◦.6+33◦.2+2 ·26◦.3 = 362◦.6.
In either case, we obtain a contradiction. 
Lemma 8.7. It is impossible to have 9 points of weight 1 in p ≤ ρ ≤ 1 + p and 12 points of
weight 1/2 in 1 ≤ ρ ≤ 1 + p.
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Proof. Assume it is possible. By fact 8.1, at least 9 points of weight 1/2 are in 1 ≤ ρ ≤ 1.22.
Fact 8.2 implies that all points of weight 1 are in 1.85 ≤ ρ ≤ 1 + p. Fact 8.3 then tells us that
at least 11 points of weight 1/2 lie in 1 ≤ ρ ≤ 1.45, and facts 8.4 and 8.5 guarantee that at
least 10 of these lie in 1 ≤ ρ ≤ 1.24, and at least 9 lie in 1 ≤ ρ ≤ 1.19. However, fact 8.6 shows
that this latest situation is impossible. 
9. 10 points of weight 1 and 10 points of weight 1/2
This is by far the most delicate case. The estimates must be much more precise in order
to produce the desired contradiction. This is where we will finally be able to explain why the
choice p = 1.409. Fortunately, the approach is almost identical to the one in the previous
section.
Fact 9.1. It is impossible to have 10 points of weight 1 in p ≤ ρ ≤ 1+ p and 2 points of weight
1/2 in 1.2931 ≤ ρ ≤ 1 + p.
Proof. We need to estimate the sum
A = n11 · Φp (p, 1 + p) + nhh · Φq (1.2931, 1 + q) + n1h · Φp (1.2931, 1 + p) , where
Φp (p, 1 + p) = 31
◦.2555 . . . ,Φq (1.2931, 1 + q) = 22
◦.2806 . . . ,Φp (1.2931, 1 + p) = 28
◦.2107 . . .,
and [n11, nhh, n1h] equals either [8, 0, 4] or [9, 1, 2]. The minimum of A = 360
◦.002 . . . is reached
when [n11, nhh, n1h] = [9, 1, 2], A > 9 · 31
◦.2555 + 22◦.2806 + 2 · 28◦.2107 = 360◦.0015, a
contradiction. 
Fact 9.2. It is impossible to have 1 point of weight 1 in the annulus p ≤ ρ ≤ 1.59 and 9 points
of weight 1/2 in 1 ≤ ρ ≤ 1.2931.
Proof. Same reasoning as for fact 8.2. The angle between two consecutive points of weight 1/2
is at least Φq(1, 1.2931) = 31
◦.8557 . . ., while the angle determined by the point of weight 1 and
a point of weight 1/2 is at least Φp(1, 1.59) = 52
◦.6013 . . .. It follows that the sum of the 10
angles is at least 8 · 31◦.8557 + 2 · 52◦.6013 = 360◦.0482, a contradiction. 
The above two results imply that if we are to have 10 points of weight 1 and 10 of weight
1/2, then all points of weight 1 are in the annulus 1.59 ≤ ρ ≤ 1 + p. The following statements
are just analogs of facts 8.3, 8.4, and 8.5 from the previous section. In order to save space, we
group them together.
Fact 9.3. It is impossible to have 10 points of weight 1 in the annulus 1.59 ≤ ρ ≤ 1 + p and
any of the following
a. 1 of weight 1/2 in 1.2571 ≤ ρ ≤ 1 + p.
b. 2 of weight 1/2 in 1.1513 ≤ ρ ≤ 1 + p.
c. 3 of weight 1/2 in 1.1254 ≤ ρ ≤ 1 + p.
d. 4 of weight 1/2 in 1.1138 ≤ ρ ≤ 1 + p.
e. 5 of weight 1/2 in 1.1072 ≤ ρ ≤ 1 + p.
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Proof. Part a. follows from 9·Φp(1.59, 1+p)+2·Φp(1.2571, 1+p) = 360
◦.0067 . . . . For part b. the
sum of the angles is at least n11Φp(1.59, 1+p)+nhhΦq(1.153, 1+q)+n1hΦp(1.1513, 1+p) where
[n11, nhh, n1h] ∈ {[8, 0, 4], [9, 1, 2]}. The minimum is 360
◦.022 . . . , when [n11, nhh, n1h] = [8, 0, 4].
Similarly, in case c. the sum of the angles is at least n11Φp(1.59, 1 + p) + nhhΦq(1.1254, 1 +
q) + n1hΦp(1.1254, 1 + p) where [n11, nhh, n1h] ∈ {[7, 0, 6], [8, 1, 4], [9, 2, 2]}. The minimum is
360◦.021 . . . , when [n11, nhh, n1h] = [7, 0, 6]. Likewise, in case d. the sum of the angles is at
least n11Φp(1.59, 1 + p) + nhhΦq(1.1138, 1 + q) + n1hΦp(1.1138, 1 + p) where [n11, nhh, n1h] ∈
{[6, 0, 8], [7, 1, 6], [8, 2, 4], [9, 3, 2]}. The minimum is 360◦.036 . . . , when [n11, nhh, n1h] = [6, 0, 8].
Finally, in part e. the sum is at least n11Φp(1.59, 1+p)+nhhΦq(1.1072, 1+q)+n1hΦp(1.1072, 1+p)
where [n11, nhh, n1h] ∈ {[5, 0, 10], [6, 1, 8], [7, 2, 6], [8, 3, 4], [9, 4, 2]}. The minimum is 360
◦.033 . . .
, when [n11, nhh, n1h] = [5, 0, 10]. 
Finally, we can prove the hardest case
Lemma 9.4. It is impossible to have 10 points of weight 1 in p ≤ ρ ≤ 1 + p and 10 points of
weight 1/2 in 1 ≤ ρ ≤ 1 + p.
Proof. Assume it is possible. Then from fact 9.3 it follows that all 10 points of weight 1/2
are in 1 ≤ ρ ≤ 1.12571, at least 9 of which are in 1 ≤ ρ ≤ 1.1513, at least 8 of which are in
1 ≤ ρ ≤ 1.1254, at least 7 of which must be in 1 ≤ ρ ≤ 1.1138, and at least 6 of which must
lie in 1 ≤ ρ ≤ 1.1072. Color 6 of the points in 1 ≤ ρ ≤ 1.1072 red, and the remaining 4 points
blue. Analyzing the 10!/6! = 5040 different permutations shows that the smallest possible sum
is obtained when no two blue points are consecutive. In this case we have that the sum of the
angles is at least
2Φq(1, 1.072)+ 2Φq(1, 1.1138)+ 2Φq(1, 1.1254)+ 2Φq(1, 1153)+ 2Φq(1, 1.2571) = 360
◦.0047 . . . .
This produces the contradiction. 
Observation 9.5. It should now be clear why this case was so difficult. In every single step,
the lower bounds for the sum of the angles are barely over 360◦. This is also the reason that the
choice p = 1.409 is crucial. If we change p to 1.408 or to 1.410, the above argument fails.
This leaves us with the last case, which fortunately is not that difficult.
10. 11 points of weight 1 and 8 points of weight 1/2
Fact 10.1. It is impossible to have 11 points of weight 1 in p ≤ ρ ≤ 1 + p and any of the
following
a. 1 of weight 1/2 in 1.2 ≤ ρ ≤ 1 + p.
b. 2 of weight 1/2 in 1.12 ≤ ρ ≤ 1 + p.
Proof. Part a. follows easily from 10 ·Φp (p, 1 + p)+2 ·Φp (1.2, 1 + p) > 10 ·31
◦.25+2 ·24◦.57 =
361◦.64, a contradiction.
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For part b. we need to estimate the sum
A = n11 · Φp (p, 1 + p) + nhh · Φq (1.12, 1 + q) + n1h · Φp (1.12, 1 + p) ,
where Φp (p, 1 + p) = 31
◦.25 . . . ,Φq (1.12, 1 + q) = 16
◦.40 . . . ,Φp (1.12, 1 + p) = 19
◦.94 . . ., and
[n11, nhh, n1h] equals either [9, 0, 4], or [10, 1, 2]. The minimum of A = 361
◦.09 . . . is reached
when [n11, nhh, n1h] = [9, 0, 4], a contradiction. 
Fact 10.2. It is impossible to have 11 points of weight 1 all the annulus 1.5 ≤ ρ ≤ 1 + p.
Proof. This is immediate since 11 · Φp(1.5, 1 + p) = 361
◦.88 . . ., a contradiction. 
Fact 10.3. It is impossible to have 1 point of weight 1 in the annulus p ≤ ρ ≤ 1.5 and 8 of
weight 1/2 in 1 ≤ ρ ≤ 1.2 such that 7 of them lie in the annulus 1 ≤ ρ ≤ 1.12.
Proof. Color 7 points of weight 1/2 that lie in 1 ≤ ρ ≤ 1.12 red, and the remaining two points
blue. If the blue points are not consecutive, then the angle sum is at least 5Φq(1, 1.12) +
2Φp(1, 1.5) + 2Φq(1, 1.2) = 365
◦.72 . . .. Otherwise, the angle sum is at least 6Φq(1, 1.12) +
2Φp(1, 1.5) + Φq(1, 1.2) = 368
◦.11 . . .. In either case, we obtain a contradiction. 
Lemma 10.4. It is impossible to have 11 points of weight 1 in p ≤ ρ ≤ 1 + p and 8 points of
weight 1/2 in 1 ≤ ρ ≤ 1 + p.
Proof. Assume it is possible. Fact 10.1 implies that all 8 points of weight 1/2 are in 1 ≤ ρ ≤ 1.2,
and at least 7 of them are in 1 ≤ ρ ≤ 1.12. On the other hand, fact 10.2 guarantees the
existence of a point of weight 1 in the annulus p ≤ ρ ≤ 1.5. However, fact 10.3 shows that such
combination is impossible, so the proof is complete. 
We have finally reached the end of the road. The only thing left to do is to combine the
Lemmata 3.1, 3.2, 3.3, 3.5, 3.7, 4.3, 5.4, 7.5, 8.7, 9.4 and 10.4 to complete the proof of Theorem
2.1.
11. Conclusions and directions for future research
In this paper we presented a small improvement on the upper bound of the size of the
Euclidean sphere of influence graph. We feel that we reached the limits of the present method.
For further progress, new ideas seem to be needed. One may consider defining a more refined
weight function, with points of several weights rather than just two. This may very well work,
but there is a price to be paid: the resulting case analysis is going to be even more tedious.
Many interesting questions remain unanswered. The thickness of a graph G is the minimum
number of planar graphs whose union is G. Allgeier and Kubicki [2] conjectured that the
thickness of SIGs is bounded. The complete graph K8 is an OSIG and has thickness 2, but K9
has thickness 3. At the present time, no SIG is known with thickness more than 2.
According to Toussaint [12], sphere of influence graphs have applications in low-level com-
puter vision, cluster analysis, pattern recognition, geographic information systems, and even
marketing. He provides an extensive list of references.
This is why we believe that the study of sphere of influence graphs is both interesting and
potentially useful.
References
[1] D. Avis, J. Horton, Remarks on the sphere of influence graph. Discrete geometry and convexity
(New York, 1982), 323–327, Ann. New York Acad. Sci., 440, New York Acad. Sci., New York,
1985.
[2] B. M. Allgeier, G. K. Kubicki, Thickness of sphere of influence graphs, Research Experiences for
Graduate Students in Combinatorics, 2007.
[3] P. Bateman, P. Erdo˝s, Geometrical extrema suggested by a lemma of Besicovitch. American Math-
ematical Monthly 58 (1951), 306–314.
[4] L. Guibas, J. Pach, M. Sharir, Sphere of influence graphs in higher dimensions. Intuitive geometry
(Szeged, 1991), 131–137, Colloq. Math. Soc. Ja´nos Bolyai, 63, North-Holland, Amsterdam, 1994.
[5] F. Harary, M. S. Jacobson, M. J. Lipman, F. R. McMorris, Abstract sphere-of-influence graphs.
Graph-theoretic models in computer science, II (Las Cruces, NM, 1988–1990). Mathematical and
Computer Modelling 17 (1993), no. 11, 77-83.
[6] M. S. Jacobson, M. J. Lipman, F. R. McMorris, Trees that are sphere-of-influence graphs. Applied
Mathematics Letters 8 (1995), no. 6, 89-93.
[7] A. E. Ke´zdy, G. K. Kubicki, K12 is not a closed sphere-of-influence graph. Intuitive geometry
(Budapest, 1995), 383-397, Bolyai Soc. Math. Stud., 6, Ja´nos Bolyai Math. Soc., Budapest, 1997.
[8] T. S. Michael, T. Quint, Sphere of influence graphs: Edge density and clique size, Mathematical
and Computer Modelling, 20 (1994), no. 7, 19–24.
[9] E. R. Reifenberg, A problem on circles. Mathematical Gazette 32 (1948), 290–292.
[10] M. Soss, On the size of the sphere of influence graph, School of Computer Science, McGill University,
Montre´al, Cananda, July 1998, Masters Thesis.
[11] G. T. Toussaint, Pattern recognition and geometric complexity, Proceedings at the 5th International
Conference on Pattern recognition, 1–24, Miami Beach, 1980.
[12] G. T. Toussaint, The sphere of influence graph : theory and applications. International Journal of
Information Technology & Computer Science, 14 (2014), no. 2.
Department of Mathematics, Hofstra University, Hempstead, NY 11549, USA.
E-mail address : dan.p.ismailescu@hofstra.edu
Bergen Catholic High School,1040 Oradell Avenue, Oradell, NJ 07649, USA.
E-mail address : kelvin2kim@gmail.com
Peddie School, 201 South Main Street, Hightstown, NJ 08520, USA.
E-mail address : taeyangpark0801@gmail.com
19
